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Abstract
In this paper, using Maxwell’s equal-area law we study the phase transition of charged
AdS black holes by choosing different independent conjugate variables. As is well
known, the phase transition can be characterized by the state function of the system,
the determination of the phase transition point has nothing to do with the choice of
independent conjugate variables. To studying the thermodynamic properties of AdS
black holes we give the conditions under which the independent conjugate variables are
chosen. When the charge of the black hole is invariable, according to the conditions we
find that the phase transition is related to the electric potential and the horizon radius
of the charged black hole. Keeping the cosmological constant as a fixed parameter, the
phase transition of a charged AdS black hole is related to the ratio of the event horizon
to cosmological constant of the black hole. This conclusion is of great importance for
us to study the critical phenomenon of black holes and to improve the self-consistent
geometry theory of black hole thermodynamic.
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1 Introduction
The study of the thermodynamic properties of black holes has always been one of the
topics of interest to theoretical physicists. In recent years, the study of black hole
thermodynamics in AdS and dS space has attracted wide attentions [1–29]. Moreover,
the cosmological constant Λ is used as the thermodynamic pressure for the AdS black
hole in the extended phase space, and its conjugate variable has dimension of volume.
Calculating the critical components and finding the phase transition of AdS black hole,
this phase transition is analogous to the Van der Waals liquid-gas phase transition [1–
4,28–40]. Some researches are done by using the conjugate variables (P, v) [16,18,31],
some researches are done by the conjugate variation (T, S) [1,16,20,39]. In the previous
works, we had were studied the critical behaviors of black holes according to (Q,Φ),
through the study we find that the second-order phase transition is independent of the
choose of conjugate variable, while the critical exponents are dependent on the choice
of conjugate variables [41].
For a normal canonical thermodynamic system, the phase transition point is the
state function of the system. The determination of the phase transition point is inde-
pendent of the choice of independent conjugate variables. Using the Maxwell’s equal
area law we discuss that the phase transition points of AdS black hole should be the
same with different independent conjugate variables [42–48]. When the phase tran-
sition points obtained by the independent conjugate variable are different from those
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obtained by other independent conjugate variable, we believe that this set of inde-
pendent conjugate variable cannot be regarded as the conjugate variable of AdS black
hole. The conditions for selecting independent dual state parameters for studying the
thermodynamic properties of black holes are given. It is not only helpful for further
understanding the properties of entropy, temperature and heat capacity of black holes,
but also is of great importance to the improvement of self-consistent geometry theory
of black hole thermodynamic.
This paper in organized as follows. In the next section we review the thermodynam-
ics of charged AdS black hole. In section 3 we study the critical behavior of charged
AdS black hole with Maxwell’s equal area law according to different conjugate vari-
ables (P, V ), (T, S) and (P, v),respectively. we also study the critical behavior by the
conjugate variables (Q2,Ψ) and (Q,Φ) to find the condition that the phase transition
occurs. In section 4, we give conclusion and discussion for the choice of the conjugate
variable in the study of thermodynamics of black hole.
2 Thermodynamics of charged AdS black hole
The action of Einstein-Maxwell theory in the background of AdS spacetime is [1]
I =
1
16pi
∫
d4x
√−g(R− 2Λ− FµνF µν). (2.1)
To start with we review some basic thermodynamic properties of the spherical charged
AdS black hole. In Schwarzschild-like coordinates the metric read
ds2 = −f(r)dt2 + f−1dr2 + r2dΩ22, (2.2)
Here, dΩ22 stands for the standard element on S
2 and the function f is given by
f(r) = 1− 2M
r
+
Q2
r2
+
r2
l2
, (2.3)
The position of the black hole event horizon is determined as a larger root of f(r+) = 0.
The parameter M represents the ADM mass of the black hole and in our set up it is
associated with the enthalpy of the system. Q represents the electric charge. Using
the Euclidean trick, one can identify the black hole temperature
T =
1
4pir+
(
1 +
3r2+
l2
− Q
2
r2+
)
=
1
4pir+
(
1 + 8piPr2+ −
Q2
r2+
)
, (2.4)
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and the corresponding entropy
S =
A
4
, A = 4pir2+. (2.5)
Thus, the ADM mass of black hole is enthalpy H = M [49] and is obtained as [19]
M(S,Q, P ) =
1
6
√
piS
(3S + 8PS2 + 3piQ2). (2.6)
The intensive parameters conjugate to S, Q and P are defined by T =
(
∂M
∂S
)
P,Q
,
Φ =
(
∂M
∂Q
)
S,P
, V =
(
∂M
∂P
)
S,Q
, where T is the temperature, Φ = Q
r+
is the electric
potential and the thermodynamics volume V is obtained via V = 4pi
3
r3+. The new
variable Ψ =
(
∂M
∂Q2
)
S,P
, which conjugate to Q2, is the inverse of the specific volume
v = 2r+ in the natural unit where lp = 1 [1]. Therefore, the above thermodynamic
relation satisfies the first law as:
dM = TdS +ΨdQ2 + V dP, dM = TdS + ΦdQ + V dP. (2.7)
Comparing Eq.(2.7) with the first law equations of the general thermodynamics system,
we find that Ψ(Φ) is conjugated to the Q2(Q), respectively. From scaling argument,
we arrive at the Smarr formula as :
M = 2TS + 2ΨQ2 − V P, M = 2TS + ΦQ− V P. (2.8)
In the previous works, the critical phenomena of charged AdS black hole with differ-
ent choices of the conjugated variables have been studied. [1, 19–22]. Taking Q as a
constant, we can obtain the value of critical point as
Tc =
√
6
18piQ
, rc =
√
6Q, Pc =
1
96piQ2
. (2.9)
While taking the l as constant, the value of critical point as
Tc =
2
pil
√
6
, rc =
l√
6
, Qc =
l
6
. (2.10)
3 The equal-area law of charged AdS black hole in extended
phase space
When the charge of the AdS black hole is invariant, the state equation of charged AdS
black hole is given by Eq.(2.4). The state equation can be write as f(T, P, V ) = 0,
which means the particle number of system is invariant. First, we investigate the
condition that the phase transition occur with the different conjugate variables (P, V )
and (T, S) ,respectively, by Maxwell’s equal area law.
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3.1 The construction of equal-area law in P − V diagram
When the charge Q of AdS black hole is invariant, the horizontal axis of two-phase
coexistence region in charged AdS black hole are S2 and S1, respectively, the pressure
on the vertical axis as P0, which depends on the horizon radius of black hole r+. From
the Maxwell’s equal area law,
P0(V2 − V1) =
V2∫
V1
PdV , (3.1)
we can obtain
P0 =
T0
2r1
− 1
8pir21
+
Q2
8pir41
, P0 =
T0
2r2
− 1
8pir22
+
Q2
8pir42
, (3.2)
2P0 =
3T0(1 + x)
2r2(1 + x+ x2)
− 3
4pir22(1 + x+ x
2)
+
3Q2
4pir42x(1 + x+ x
2)
. (3.3)
here x = r1/r2, T0 is the black hole temperature. From Eq. (3.2), we obtain
0 = T0 −
1
4pir2x
(1 + x) +
Q2
4pir32x
3
(1 + x2)(1 + x), (3.4)
2P0 =
T0
2r2x
(1 + x)− 1
8pir22x
2
(1 + x2) +
Q2
8pir42x
4
(1 + x4) (3.5)
From Eqs.(3.3) and (3.5), we find that
1
4pir2x
=
T0(1 + x)(1 − 2x+ x2)
(1 + x− 4x2 + x3 + x4) +
Q2[(1 + x4)(1 + x+ x2)− 6x3]
4pir32x
3(1 + x− 4x2 + x3 + x4) . (3.6)
From Eq. (3.4),
T0 =
(1 + x)
4pir2x
− Q
2
4pir32x
3
(1 + x)(1 + x2), (3.7)
substituting Eq.(3.7) into Eq. (3.6), we obtain
r22 =
Q2
x2
(1 + 2x− 6x2 + 2x3 + x4)
(1− x)2 =
Q2
x2
(1 + 4x+ x2) = Q2fQ(x). (3.8)
Substituting Eq.(3.8) into Eq. (3.7), we find that
T0 =
(1 + x)
4pixQf 1/2(x)
− (1 + x)(1 + x
2)
4piQf 3/2(x)x3
(3.9)
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Taking T0 = χTc, Tc =
√
6
18piQ
is critical temperature. When 0 < χ < 1, so Eq.(3.9) can
be rewrite as
χx2f
3/2
Q (x)
1
3
√
6
= (1 + x). (3.10)
We can derive the radius of black hole horizon r2 or r1 with Eqs. (3.8) and (3.10). We
find that the temperature T0 and the pressure P0 satisfy the conduction of the first-
order phase transition according to the Ehrenfest’s classification. From Eqs.(2.4),(3.8)
and (3.10), we can plot the phase diagram P − V with different χ in Fig.1.
T0=Tc
T0=0.95Tc
T0=0.92Tc
0 50 100 150 200 250 300
V
0.0026
0.0028
0.0030
0.0032
0.0034
0.0036
P
Figure 1: (Color online) The simulated phase transition and the boundary of a two-phase coexistence on the base of
isotherms in the P − V diagram for charged anti-de Sitter black holes. The temperature of isotherms from top to
bottom. The green line is the critical isotherm diagram. In the calculation setting Q = 1.
3.2 The construction of equal-area law in T − S diagram
When the cosmological constant l is invariant, the horizontal axis of two-phase coex-
istence region in charged AdS black hole are S2 and S1, respectively, the temperature
on the vertical axis as T0(T0 ≤ Tc), which depend on the horizon radius of black hole
r+. From the Maxwell’s equal area law,
T0(S2 − S1) =
S2∫
S1
TdS =
r2∫
r1
1
2
(
1 +
3r2+
l2
− Q
2
r2+
)
dr+, (3.11)
T0 =
1
4pir2
(
1 +
3r22
l2
− Q
2
0
r22
)
, T0 =
1
4pir1
(
1 +
3r21
l2
− Q
2
0
r21
)
, (3.12)
2piT0r
2
2(1− x2) = r2(1− x) +
r32
l2
(1− x3)−Q20
1− x
r2x
. (3.13)
From Eq.(3.12), we can obtain
0 = −r2 − r1
r2r1
+
3
l2
(r2− r1)+Q20
r32 − r31
r32r
3
1
= −1 − x
r2x
+
3r2
l2
(1−x)+ Q
2
0
r32x
3
(1−x3), (3.14)
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8piT0 =
r2 + r1
r2r1
+
3
l2
(r2+ r1)−Q20
r32 + r
3
1
r32r
3
1
=
1 + x
r2x
+
3
l2
r2(1+x)−
Q20
r32x
3
(1+x3). (3.15)
Combining Eqs.(3.14) and (3.15), we can obtain
r22
l2
x = 1− Q
2
0(1 + x− 4x2 + x3 + x4)
r22x
2(1− x)2 = 1−
Q20(1 + 3x+ x
2)
r22x
2
. (3.16)
Substituting Eq.(3.16) into Eq.(3.14), we have
r22 =
Q20(1 + 4x+ x
2)
x2
= Q2fQ(x). (3.17)
We find that Eq.(3.17) is the same as Eq.(3.8). Substituting Eqs.(3.16) and (3.17) into
Eq.(3.15), we can obtain
2piT0xQf
3/2
Q (x) = (1 + x)fQ(x)−
(1 + 3x+ 3x2 + x3)
x2
. (3.18)
Taking T0 = χTc, where Tc =
√
6
18piQ
is the critical temperature. When 0 < χ < 1, the
Eq.(3.18) can be rewrite as
χx2f
3/2
Q (x)
1
3
√
6
= (1 + x). (3.19)
From Eqs.(2.4), (3.8) and (3.10), we can plot the T − S phase diagram with different
χ in Fig. 2.
T0=Tc
T0=0.9Tc
T0=0.8Tc
0 10 20 30 40 50 60
S
0.036
0.038
0.040
0.042
0.044
T
Figure 2: (Color online) The simulated phase transition and the boundary of a two-phase coexistence on the base of
isotherms in the T−S diagram for charged anti-de Sitter black holes. The temperature of isotherms from top to bottom.
The green line is the critical isotherm diagram.
3.3 The construction of equal-area law in P − v diagram
The horizontal axis of two-phase coexistence region in charged AdS black hole are
v2 = 2r2 and v1 = 2r1, respectively, the pressure on the vertical axis as P0. From the
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Maxwell’s equal area law,
P0(v2 − v1) =
v2∫
v1
Pdv (3.20)
So similarly, we can obtain
r22 = Q
2 4(1− x3) + 3(1 + x2)(1 + x) ln x
x23 (2(1− x) + (1 + x) lnx) = Q
2FQ(x). (3.21)
Taking T0 = χTc, here Tc =
√
6
18piQ
is critical temperature. When 0 < χ < 1, we have
χx3F
3/2
Q (x)
4
3
√
6
= FQ(x)x
2(1 + x)− (1 + x2)(1 + x). (3.22)
From Eqs. (3.21) and (3.22), we can plot phase diagram P −v with different χ in Figs.
3. From Eqs. (3.19) and (3.22), we can plot χ − x with differential duality conjugate
T0=Tc
T0=0.95Tc
T0=0.92Tc
0 2 4 6 8 10 12
v0.0020
0.0025
0.0030
0.0035
0.0040
0.0045
P
Figure 3: (Color online) The simulated phase transition and the boundary of a two-phase coexistence on the base of
isotherms in the P−v diagram for charged anti-de Sitter black holes. The temperature of isotherms from top to bottom.
The green line is the critical isotherm diagram. we have set Q = 1.
variables in Fig. 4.
From Eqs.(3.8), (3.11), (3.17) and (3.19), we know that the first-order phase tran-
sition point of charged AdS black hole is same with differential conjugate variables
(P, V ) and (T, S) in same temperature and the charge of AdS black hole is invariable.
When we take the conjugate variable (P, v), the first-order phase transition point of
charged AdS black hole is different from that of charged AdS black hole with conjugate
variable (P, V ) and (T, S), however, the second-order phase transition is the same. We
know that the first-order phase transition point is independent of the the choice of con-
jugate variable with the same temperature for the particle numbers constant, so the
conjugate variables (P, v) can not be used as the states parameters of the first-order
phase transition of charged AdS black hole.
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x
0.5
0.6
0.7
0.8
0.9
1.0
Χ
Figure 4: (Color online) The χ− x diagram for charged anti-de Sitter black holes with differential duality state param-
eters. The line corresponding with conjugate variables P − V , P − v and Q−Φ from top to bottom.
From Eqs.(3.8),(3.17) and (3.21), the ratio of the phase transition point r2 or r1 to
the charge of black hole is constant with a fixed temperature. So the phase transition
of charged AdS black hole depends on the ratio of the phase transition point r2 or r1
to the charge Q of black hole, while it is independent of the radius r2 or r1 of the event
horizon of the black hole. When the charge Q of charge AdS black hole is constant
and the temperature is fixed, the radius of the horizon of black hole r+ < r1, the
charged AdS black hole corresponds to the liquid phase of van der Waals system, the
radius of the horizon of black hole r+ > r2, the charged AdS black hole corresponds
to the gas phase of van der Waals system, the radius of the horizon of black hole
r2 ≥ r+ ≥ r1 corresponds to the gas-liquid coexistence of van der Waals system. So
when the temperature T < Tc of the charged AdS black hole, there are three different
states in the same pressure P0. From the different ratio of the charge to the radius
of black hole horizon of black hole, We define these different states as high potential
state, medium potential state, low potential state.
3.4 The construction of equal-area law in Q2 −Ψ and Q− Φ diagram
When the charge of the AdS black hole of space is variant, taking Q2−Ψ as independent
duality parameter. The horizontal axis of two-phase coexistence region in charged AdS
black hole are Ψ2 and Ψ1, respectively, the temperature on the vertical axis asQ
2
0, which
is dependent on the horizon radius of black hole r+. From the Maxwell’s equal area
law,
Q20(Ψ1 −Ψ2) =
Ψ1∫
Ψ2
Q2dΨ. (3.23)
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Q20 = r
2
2 +
3r42
l2
− 4pir32T0, Q20 = r21 +
3r41
l2
− 4pir31T0. (3.24)
we can obtain
Q20 = r
2
2x+
r42
l2
x(1 + x+ x2)− 2piT0r32x(1 + x), (3.25)
and
0 = (1 + x) +
3r22
l2
(1 + x2)(1 + x)− 4piT0r2(1 + x+ x2), (3.26)
2Q20 = r
2
2(1 + x
2) +
3r42
l2
(1 + x4)− 4piT0r32(1 + x3). (3.27)
Combining Eqs. (3.25), (3.26) and (3.27), we can get
r2 =
(1 + x)
piT0(1 + 4x+ x2)
=
fl(x)
piT0
. (3.28)
Taking T0 =
Tc
χ
= 1
χpil
√
2
3
, we can obtain [19]
3χ2(1 + x)2 = 2(1 + 4x+ x2). (3.29)
Taking (Q,Φ) as independent conjugate variables, The horizontal axis of two-phase
coexistence region in charged AdS black hole are Φ2 and Φ1, respectively, the pressure
on the vertical axis as Q0. From the Maxwell’s equal area law,
Q0(Φ1 − Φ2) =
Φ1∫
Φ2
QdΦ. (3.30)
So similarly, we can obtain
r2 =
(1 + x)
piT0(1 + 4x+ x2)
=
fl(x)
piT0
. (3.31)
Seting T0 =
Tc
χ
= 1
χpil
√
2
3
, we can obtain
r2 =
(1 + x)
piT0(1 + 4x+ x2)
= χl
√
3
2
fl(x) (3.32)
3χ2(1 + x)2 = 2(1 + 4x+ x2). (3.33)
From Eqs. (2.4), (3.31) and (3.33), we can plot the phase diagram Q2 −Ψ and Q−Φ
with different χ in Fig. 5. We can plot the χ−x from (3.32) in Fig.4. From Eqs.(3.28),
(3.29), (3.31) and (3.33), we find that the phase transition point is same for the two
10
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Figure 5: (Color online)(left) The behavior of isothermal Q2 −Ψ diagram of charged anti-de Sitter black holes. (right)
The behavior of isothermal Q−Φ diagram of charged anti-de Sitter black holes. The temperature of isotherms increases
from top to bottom. The grren line is the critical isotherm diagram. we have set l = 1.
conjugate variables (Q2,Ψ) and (Q,Φ) with the fixed temperature. So, the first laws
of thermodynamics represented by the two conjugate variables (Q2,Ψ) and(Q,Φ) are
equivalent.
From Eq.(3.32), the ratio of the phase transition point r2 or r1 to the cosmological
constant l of space is constant with a fixed temperature for the particle number vari-
ance. So the phase transition of charged AdS black hole dependent with the ratio of
the phase transition point r2 or r1 to the cosmological constant l, is independent of the
radius r2 or r1 of the event horizon of the black hole. When the cosmological constant
l is constant and the temperature T > Tc is fixed, the radius of the horizon of black
hole r+ < r1, the charged AdS black hole corresponds to the liquid phase of van der
Waals system, the radius of the horizon of black hole r+ > r2, the charged AdS black
hole corresponds to the gas phase of van der Waals system, the radius of the horizon
of black hole r2 ≥ r+ ≥ r1 corresponds to the gas-liquid coexistence of van der Waals
system. So when the temperature T > Tc of the charged AdS black hole, there are
three different states in the same pressure Q. From the different ratio of the radius
of black hole horizon of black hole to the cosmological constant l of space, We define
these different states as larger phase, medium phase, small phase.
4 Discussions and conclusions
The study of black hole thermodynamics have gained attention as the black hole,
especially the thermodynamics of black hole directly involve the gravitation, statistics,
particle physics and field theory [50–55]. Even so it is unclear in the precise statistical
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description of a black hole’s thermodynamic state the thermodynamic properties of
black holes and the critical phenomenon in ordinary thermodynamic systems still is a
research subject widely concerned.
In this paper, we choose different conjugate variables and use Maxwell’s equal-area
law to study the phase transition of charged AdS black hole. We find that the phase
transition point which obtained by choosing the conjugate variable (P, V ) and (T, S),
respectively, is equal at the same temperature. The phase transition point obtained by
the conjugate variable (P, v) is different with that obtained by choosing the conjugate
variable (P, V ) and (T, S). For the phase transition point of AdS black hole is the states
function of system, and is independent of the process, so we think that the conjugate
variable (P, v) cannot be independent conjugate variable to study the phase transition
of AdS black hole.
From the study of these section 3.1, 3.2 and 3.3, we obtain that when the temper-
ature T < Tc of the charged AdS black hole, there are three differential states in the
same pressure P0. From the differential ratio of the charge to the radius of black hole
horizon of black hole, We define these different states as high potential state, medium
potential state, low potential state.From the study of this section 3.4, when the tem-
perature T > Tc of the charged AdS black hole, there are three differential states in
the same pressure Q. From the differential ratio of the radius of black hole horizon
of black hole to the cosmological constant l, We define these different states as larger
phase, medium phase, small phase. As we have seen, the phase transition of charged
AdS black hole, not only depend on the event horizon radius of black hole, but also
depend on the ratio the charge potential to the radius of black hole horizon. It would
be worthwhile to better understand the critical behaviour of black hole, and perfect
the self-consistent geometry theory of black hole thermodynamic.
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